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S-matrix in de Sitter spacetime from general boundary quantum field theory 
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A new quantization scheme for a massive scalar field in de Sitter spacetime is proposed, based on 
the general boundary formulation of quantum field theory. We show that the general interacting 
theory can be consistently described in terms of the S-matrix for spatial asymptotic states. The 
new .S'-matrix results to be equivalent to the standard one in situations where both apply. This is 
due to the existence of an isomorphism between the corresponding asymptotic state spaces. 
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The most studied example of quantum field the- 
ory in curved spacetime is probably the theory of a 
scalar field in de Sitter space. Indeed the model is 
simple enough to be solved analytically and there- 
fore the properties of the field can be studied in 
detail. In particular the thermal properties of the 
vacuum state, related to the phenomenon of par- 
ticle creation, have been considered Moreover, 
the quantum dynamics of the field is of special im- 
portance for inflationary cosmological models where 
de Sitter space describes a universe in exponential 
expansion [2(|. De Sitter space has also attracted 
new interest in connection with the conjecture of the 
dS/CFT correspondence proposed almost a decade 
ago by Strominger 0|. 

In this letter we expose a new quantization scheme 
for a massive scalar field in de Sitter spacetime based 
on the general boundary formulation (GBF) of quan- 
tum field theory. The results presented here are 
mainly intended as a contribution to the GBF pro- 
gram, and represent indeed the first study of QFT 
in a curved spacetime within the GBF. Furthermore, 
the quantization scheme we introduce provides a new 
framework to analyze the results obtained or pro- 
posed so far in literature. 

In a series of papers [1, [H, @, 0, H, Q it has been 
shown that the GBF provides a viable description of 
the dynamics of quantized fields. Not only this new 
formulation can recover known results of standard 
QFT, but more interesting the GBF can handle sit- 
uations where the methods of standard QFT fail. In 
QFT, dynamics is described in terms of the evolu- 
tion of initial data from an initial Cauchy surface 
to a final Cauchy surface. Therefore, this standard 
picture involves a spacetime region bounded by the 
disjoint union of two Cauchy surfaces. In the GBF 
evolution acquires a more general description: The 
boundary of the spacetime region where dynamics 
takes place can have arbitrary form and is not re- 



quired to reduce to the disjoint union of two Cauchy 
surfaces. 

The main novelty of the GBF resides in associat- 
ing Hilbert spaces of states to arbitrary hypersur- 
faces in spacetime and amplitudes to spacetime re- 
gions and states living on their boundaries. For a 
region M of spacetime, the amplitude is a map from 
the Hilbert space TIom associated with the bound- 
ary dM of the region to the complex numbers. The 
formal expression of the amplitude p, for a state 
ip £ Ti-dM, is given in terms of the Feynman path 
integral combined with the Schrodinger representa- 
tion for quantum states, 



Pm(i/j) = / T>ipip((p) 
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where the outer integral is over all field configura- 
tions ip on dM, and the inner integral is over all field 
configurations <f> in the spacetime region M match- 
ing ip on the boundary. Finally, a physical inter- 
pretation can be given to such amplitudes and an 
appropriate notion of probability can be extracted 
from them 0, @|- 

So far this formalism has been applied only to 
the study of flat-spacetime-based QFT. There the 
standard S'-matrix for an interacting scalar field has 
been shown to be equivalent to the one derived for 
free asymptotic quantum states at spatial infinity. 
The notion of spatial asymptotic state comes from 
the geometry considered: In particular, in Minkow- 
ski spacetime states were defined on an hypercylin- 
der, namely the boundary of a threeball in space 
extended over all of time, and then the radius of the 
ball was sent to infinity. 

The structure of this work follows that of 0|. So, 
in the following we will evaluate the S'-matrix for co- 
herent states on spacelike hypersurfaces of constant 
conformal de Sitter time. Then, the asymptotic am- 
plitude will be derived for coherent states defined on 
an analogue of the hypercylinder in de Sitter space. 
Finally, by constructing an isomorphism between the 
respective state spaces, we prove the equivalence of 
these two types of amplitude. 
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We consider de Sitter spacetime with the metric 



ds 2 = 



1 



HH 2 



(dt 2 - dx 2 



(2) 



where H is the Hubble constant, the conformal time 
t takes values in the interval ]0,oo[ and x £ M. 3 are 
coordinates on the equal time hypersurfaces. Such 
coordinates cover only half of de Sitter spacetime. 
The remaining half can be included by_ simply ex- 
tending the domain of t to ] — oo, oo[, [nj]. We start 
with the derivation of the standard transition am- 
plitude by computing the amplitude ([I]) for a space- 
time region M bounded by two equal time hypersur- 
faces, Si and S 2 , defined respectively by the values 
ti and i 2 of the conformal time t: M = [ti, i 2 ] x M 3 . 
Then the state space associated with the bound- 
ary dM = Si U S2 results to be the tensor prod- 
uct 7ii <8> Ti\ of the Hilbert spaces defined on the 
hypersurfaces Si and S2. Following [3] we intro- 
duce coherent states; their wave function at time t 
is parametrized by a complex function £ on momen- 
tum space, and in the interaction picture their form 



d 3 xd 3 k 



x exp 



(27T)* 



H„(kt)t 3 / 2 



(3) 



where K t ,£ is a normalization factor, tptfiif) is the 
vacuum wave function derived in jjjj , H v is the Han- 

kel function of order v = §r j M denotes the 

mass of the scalar field and we assume v real. 

Consider first the free theory. The amplitude (Q]), 
denoted by the subscript 0, associated with the ten- 
sor product of coherent states ipti,^ ® ^t 2 ,6 ls inde- 
pendent of times t\ and ti and can be written as 



Pm,oC06 O^fo) =exp 



/ttH 2 



V 4 



d 3 fc 



x - ^Mk)\ 2 - - 2 Mm>)) ■ (4) 

Because of independence of initial and final time, the 
above expression represents the S-matrix describing 
the transition from the coherent state defined by £1 
(in the asymptotic past) to the coherent state de- 
fined by £2 (in the asymptotic future). 

As an intermediate step in the computation of the 
5"-matrix for the general interacting theory, we con- 
sider the interaction of the scalar field with a source 
field /1 of the form J d^x^J—g 4>{x) /J,(x), and we as- 
sume that [i vanishes outside the spacetime region 
considered here, namely (j\t£\ti,t 2 [ = 0. Adding such 



interaction term to the free action yields for the am- 
plitude ([!]), denoted by the subscript /i, the result 



PAf,oO06 ® ^£2) ex P ( / <^x^f^g^{x)i{x) 



x exp ( - / d Xyf^g /j,(x)-y(x) 



(5) 



where g is the determinant of the metric ((2]), £ is 
the complex solution of the Klein-Gordon equation 
determined by the initial and final coherent states, 
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+ MK)e~--t 3/2 H„(kt)). (6) 



The function 7 in the last exponential of §S§ is the 
solution of the inhomogeneous Klein-Gordon equa- 
tion, 

(□ + M 2 ) 7 (z) = fa), (7) 
with the following boundary conditions, 

7(t,x)\ t<H =t 3 / 2 H v (kt)^ 

x / Al!yf^{t'f ,2 H v {ke)n{t',x), (8) 
Jti 

for early times t before the source is switched on, 
and 



l(t,x)\t>t 2 =t 3 / 2 H v {kt) 



mH 2 



x / "di , v /^7(t') 3/2 ^(fct')M(i' J £), (9) 



for late times t after the source is switched off. In 
the above expressions g' is the determinant of the 
metric ([2j) expressed in the coordinates (t',x), and 
the Bessel functions are to be understood as opera- 
tors via the mode decomposition of the source field. 
It is convenient the write 7 in the form 



7 (x) 



d /l x'^-g'G(x,x l )n{x'), 



(10) 



and G is the Green function, solution of the equation 

(□ + M 2 )G(x, x') = (-g)- 1 / 2 S 4 {x - x'), given by 



G(x,x') 



x F 



H*_ (I 
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where F is the hypergeometric function and p = 

* + * 2t'f ~~ ' • T ne arj ove expression coincides with 
the expression of the Feynman propagator in de Sit- 
ter space computed in [l2l . H3 |. and we can there- 
fore interpret the conditions (|8j9|) has the Feynman 
boundary conditions. The form ([5} of the S-matrix 
in the presence of a source field is similar to the one 
obtained by the path integral in the holomorphic 
representation 

Finally we use functional methods to express a 
general interaction in terms of the source interaction, 



d 4 x </=gV(x,<f>(x)) 



d 4 x V [x 



d 



dfi(x) 



(12) 



Assuming that the interaction vanishes for t outside 
the interval ]ii, *2[i the amplitude (U), now indicated 
with the subscript V, takes the form 



d 



PM,v{i>$i®il>£ a ) = exp ( i J d 4 xV \ x 



dfi(x) 



(13) 



fi=0 



This expression is independent of ii and £2 and con- 
sequently the restriction on V introduced above can 
be removed. Moreover, the limit of asymptotic times 
is trivial and lfT3|) is then interpreted as the S'-matrix 
for the general interacting theory. 

The second geometry we are interested in is conve- 
niently described in terms of spherical coordinates, 
in which the metric (J2j) takes the form 



ds 2 = 



1 



H 2 t 2 



(dt 2 - dr 2 - r 2 dn 2 



(14) 



where dfl 2 is the metric on a unit sphere. We will 
now compute the amplitude (J]) associated with the 
spacetime region M bounded by the hypersurface of 
constant radius, r = R. Hence, M has one connected 
boundary that we call the hypercylinder in analogy 
with the notion of the hypercylinder introduced in 
0. We proceed as before by considering coherent 
states defined in the Hilbert space Hr associated 
with the hypercylinder, and with wave function in 
the interaction picture given by 

t/jR, v (<p) = K R ^ exp I J dt dQ dk ^ 

\ l,m 

.,.i- 1 / 2 z„(fct)y i - m («) n A , ( , 

XVl,mi k ) Z /,/m — </>(*, ^) tPrAv)' 



hi(kR) 



(15) 



where r\ is the complex function on momentum space 
that parametrizes the coherent state, i/jra the vac- 
uum wave function on the hypercylinder of radius R 
and Kji^ v a normalization factor. Here Z v denotes 
the Bessel function of the first or second kind, Y™ 
the spherical harmonic and hi the spherical Bessel 
function of the third kind. 

The free amplitude for such state reads, 



(H 2 f 
l,m 



X [\m,m{k)\ 2 - m,m{k) VL-m(k)] j , (16) 

and is independent of the radius R. 

As before, we now look at the interaction with a 
source field /i. Requiring this field to be confined in 
the interior of the hypercylinder, the amplitude for 
the coherent state ip v turns out to be 



PM,n(lpri) = pMfii^n) ex P yj ^Xy/^fl^fjix) 



1 g / d 4 x^/^g-f(x) n(x) ) . (17) 



rj is the complex solution of the Klein-Gordon equa- 
tion given by 



77(a) =iH 2 J dkk^ t 3/2 Z„(kt) 



xYr(Sl)ji{kr) m<m {k), (18) 

where ji is the spherical Bessel function of the first 
kind. The function 7 in the last line of (fl7|) satisfies 
the inhomogeneous Klein-Gordon equation |(7|), and 
can therefore be written via the Green function as in 
lfT0|) . The Green function G, defined on the hyper- 
cylinder, turns out to be the same Green function 
that appears in (JTUJ) , namely the Feynman propaga- 
tor l|lip . The boundary condition satisfied by 7 can 
then be interpreted as the Feynman boundary con- 
dition on the hypercylinder, valid for large radius r 
outside the source field, 



7 (t, r,n) 



r>R 



k i hi(kr) 



x / dr' [r'f^f^ 1 t 2 H 2 ji{kr')pi{t,r' iti). (19) 
Jo 

g' denotes the determinant of the metric <fl4|) in the 
coordinates (t,r',fl), and the Bessel functions are 
to be understood as operators acting on the mode 
expansion of fi. Again, we notice that no dependence 
on the radius R is present in the amplitude (fr7|). 
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To conclude, we apply the same functional tech- 
niques as before, expressing the general interaction 
as in lfl~2|). Assuming that the interaction now van- 
ishes outside the hypercylinder, we can write the 
amplitude for the general interacting theory as 



pM,v{i>n) = ex P 



d 4 xV 



8 



dfi(x) 



(20) 



Since R does not appear, the cutoff on the interac- 
tion can be dropped. Being the limit R — > oo trivial, 
we interpret (|20"|) as the asymptotic amplitude of the 
general interacting theory for the coherent state Vv 
Having computed the asymptotic amplitudes in 
the two geometries considered here, we now want to 
analyze their relation. To this aim we adopt an ap- 
proach analogue to that used in Q. We focus our 
attention on the expression of the amplitudes for the 
source interaction in both settings, i.e. (J5j) and ifTTj) . 
Considering the same source field in the two cases, 
namely a source bounded in space and in time, we 
notice that the last terms of the amplitudes coin- 
cide because in the functions 7 the same propagator 
(fTl"T) appears. We turn to the second second terms 
in ((5j) and ([17)1 : They coincide if and only if the 
complex solutions to Klein-Gordon equation, £ and 
r), coincide. It turns out that this equality, namely 
£ = i), defines an isomorphic map between the state 
spaces of the two theories, i.e. the Hilbert space 
Hi <£> Ti-2 associated with the boundary of the space- 
time region M = [tijtg] x R 3 and the Hilbert space 
H.r associated with the hypercylinder. Hence, under 



the isomorphism we have: ip£ y ® ip^ 2 = iji v . We are 
left with the first term appearing in J5]) and l|17p . 
the free amplitudes in the two settings given by (@]) 
and ([16]). It is not difficult to show that these free 
amplitudes are equal under the isomorphism. For 
example, expressing (fT6|) in terms of the function 
77, we substitute fj with the expression ([6]) of £ and 
obtain (dJ: 



(21) 



We can then conclude the equivalence of the asymp- 
totic amplitudes, interpreted as S'-matrices, for the 
general interacting theory, under the isomorphism. 
Such equivalence offers the possibility to study scat- 
tering processes in de Sitter space from a new per- 
spective. Indeed the amplitude for a transition from 
an in-state with m particles to an out-state with 
n particles can be mapped to the amplitude for an 
(m + n)-particle state defined on the hypercylinder, 
and the physical probabilities extracted from the S'- 
matrices of the two descriptions are the same. We 
recover here results analogous to those previously 
obtained in Minkowski and Euclidean spacetime 
@, and the conclusions discussed there can be ex- 
ported, mutatis mutandi, to de Sitter space. 
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